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Abstract

In this paper we present a novel approach for mining
inexact spatial patterns from multiple images. We propose
an inexact maximal common subgraph algorithm for dis-
covering similar common subgraph from multiple graphs.
We employ attributed relational graph (ARG) for data rep-
resentation. The subgraph found by our algorithm is sup-
posed to represent the common pattern of the input images.
Unlike previous approaches, our algorithm can work effec-
tively and efficiently for more than two input images.

1. Introduction

For years, people want to mine useful information from
visual data such as images and videos. Pattern discovery
is one of the most important techniques for doing this. In
practice, patterns often contain structured information, i.e.,
a pattern often consists of several basic primitives which
exist interdependently. Extracting this kind of structured
information from real samples is an interesting and chal-
lenging problem. In this paper, we present our work on
automatic inexact spatial pattern discovery from multiple
images.

A spatial pattern consists of pattern primitives and pat-
tern relations. Pattern primitives represent non-spatial prop-
erties, such as color, size, etc. Pattern relations represent
spatial properties, such as relative locations, etc.

We choose attributed relational graph (ARG) for data
representation [4]. It is a general graphic representation. It
can encode all kinds of structured information. An ARG is
a graph with attributes (also called labels or weights in the
graph theory) on its nodes and/or edges. With the help of
the inherent powerful ability of graphs for describing data,
ARG can encode structured patterns with both non-spatial
and spatial information simultaneously. The attributes on
its nodes can encode non-spatial properties of the patterns,
while the attributes on its edges can encode spatial proper-
ties of the patterns. An example of ARG is in Figure 1.

We can convert the raw images to ARG representation
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Figure 1. A segmented image and the corresponding
ARG representation. (a) A segmented image consists of
several image segments in different colors. (b) The ARG
representation of (a), each node of the ARG represents a
segment of the image, and the attribute of that node repre-
sents the color of that segment. There’s an edge connecting
two nodes if and only if the corresponding two segments are
adjacent to each other in the image.

by performing a segmentation algorithm on them, denoting
each segment with a node of the ARG, and using the edges
of the ARG to reflect the adjacent relations among these
segments. After doing this, we will get several ARGs cor-
responding to the raw sample images. The most important
issue is that the similar common patterns in these images
are converted to similar common subgraphs in these ARGs.
So if we can find the maximal common subgraph (MCS)
of these ARGs, actually we have discovered the most often
appeared pattern of the sample images. The whole process
is illustrated in Figure 4 - 8 in the later part of this paper.

There are many approaches for mining patterns from
multiple samples [2, 5, 6]. Some of these approaches deal
with deterministic properties of patterns. Some of them deal
with only non-spatial patterns or with limited structural in-
formation of spatial patterns. The approach most close to
us is, Hong and Huang [2] use Expectation Maximization
(EM) algorithm to mining spatial patterns from multiple
ARGs. Comparing to the EM algorithm, our approach of
using MCS is more practical and efficient.

In the rest of the paper, we will first present the method-
ology for automatically extracting inexact spatial patterns in
Section 2. We then present the algorithm to extract the inex-
act maximal common subgraph in Section 3. The time and
space complexities of our algorithm are analyzed in Section



4. Section 5 presents experimental results. The paper is
concluded with summary in Section 6.

2. Overview of Our Method

Given several images, first we use attributed relational
graph (ARG) to represent them. In this paper, we employ
an image segmentation algorithm [3] on the input sample
images and encode each image segment with a node of the
ARG, just as in Figure 1.

After we use ARGs to represent the input images, the
next step is to discover the common patterns embedded in
these ARGs. We propose an inexact maximal common sub-
graph (IMCS) algorithm to achieve this goal. This algo-
rithm has two differences with algorithms to the traditional
maximal common subgraph (MCS) problem [1, 7–9]: (a)
this algorithm is taking on multiple graphs (maybe more
than two), whereas the traditional problem is for just two
graphs; (b) this algorithm seeks for inexact maximal com-
mon subgraph, whereas the traditional problem is for exact
maximal common subgraph. The reason why we employ
inexact maximal common subgraph algorithm is obvious,
in real applications, inputs always contain errors due to dis-
tortion, inaccurate observations, and so on.

Finally, when we get the subgraph, we turn back to the
raw images and dig out the image segments which are en-
coded by the nodes of the subgraph. Those image segments
are supposed to be the common spatial patterns we want.

3. Inexact MCS of Multiple ARGs

Before introduce our algorithm, we review some previ-
ous works on Maximal Common Subgraph (MCS) problem.

3.1. Previous Works on MCS

Maximal Common Subgraph (MCS) problem is a well-
studied problem. Given several graphsG1, G2, . . . , Gn, the
MCS of them is a graphG∗ with maximum number of
nodes satisfies: for any graphGi(1 ≤ i ≤ n), there’s a
subgraph ofGi which is isomorphic toG∗.

MCS problem is hard, even with the case ofn = 2, it is
NP-Hard [1]. But since many problems can be modelled as
MCS problem, there are many proposed methods for solv-
ing MCS [7–9]. Because the NP-Hardness of MCS, these
methods are either sub-optimal or exponential time. Most of
them are for exact MCS, and all of them are for two graphs.

When dealing with more than two graphs, MCS prob-
lem will be much harder. For example, McGregor [8] use a
backtrack search algorithms for the MCS problem, and its
time complexity isO(n!), wheren is the size of the graph.
But when it deals withk graphs, the time complexity will be

O((n!)k), which is unacceptable. Another example, Mess-
mer [9] constructs the association graph of the two given
graphs first and then detects the maximum clique (MC) of
the latter graph. But when this method is generalized to
k graphs, the constructed association graph will havenk

nodes, which is too large for ordinary value ofn (about 100)
andk (about 10).

3.2. Our Algorithm of IMCS

Our algorithm is for solving the Inexact Maximal Com-
mon Subgraph (IMCS) Problem. Informally speaking, each
node of the input graphs has attributes (also called weights
or labels in graph terminology), and what we should do is
to find out the maximal common subgraph of these graphs,
while if two nodes are mapped to each other in graph iso-
morphism, their attributes should be close.

To tell which node pairs have close attribute and which
have not, we must calculate the “distance” of two nodes. In
this paper, the attribute of the nodes is the RGB vector of
the mean RGB values of the corresponding image segment,
and the distance of two nodes is calculated as the distance
of the two RGB vectors in 3D RGB space. We useD(u, v)
to denote the distance between nodesu andv.

We choose a distance thresholdδ (in our experiments, we
fix it at 0.3, where RGB value are real numbers range from
0 to 1), and we think two nodes with distance greater thanδ
can not be mapped to each other in graph isomorphism.

Given several ARGs, first we calculate all the distances
D(u, v), whereu is a node ofGi, v is a node ofGj , and
i 6= j. Then for each nodeu, we build a node listL(u)
for it, which contains all the nodesv satisfiesD(u, v) < δ,
whereu andv belong to different graphs.

Then we employ a backtrack depth first search algorithm
to find out the inexact maximal common subgraph. The
main flow of this algorithm is in Figure 2, details will be
explained later.

In the search, the step for updating the subgraph list
L(Gk) for all the graphsGk exceptGi is the most crucial.
Suppose in the search algorithm, current graph isGi, cur-
rent subgraph ofGi is G∗, and the next step is to add a new
nodeu of Gi into G∗. Suppose for a graphGk other than
Gi, the subgraph list forGk is L(Gk), which contains all
the possible subgraphs ofGk similar toG∗. The updating
algorithm is illustrated in Figure 3.

4. Time and Space Analysis

In the worst case, the time and space complexity of our
algorithm all exponent functions with respect to the maxi-
mal number of nodes of the ARGs, which is common for an
NP-Hard problem.



1: for all Gi, (Gi = G1, G2, . . . , Gn) do
2: for all nodesuij of Gi, (uij = ui0, ui1, . . . , ui|Gi|) do
3: Set current subgraphG∗ to a graph with just one node

uij

4: for all other graphsGk, (k = 1..n, k 6= i) do
5: Build a subgraph listL(Gk) for Gk, which contains

all the possible subgraphs ofGk that similar toG∗.
Initialize L(Gk) with empty list.

6: for each nodev of Gk in L(uij) do
7: Add a graph with just one nodev to L(Gk)
8: end for
9: end for

10: Carry out a backtrack depth first search, which checks
for all the subgraphs ofGi containsuij , and takesuij

as its smallest label node. During the search, updating
the subgraph listL(Gk) for all the graphsGk other than
Gi. Whenever for some graphGk, L(Gk) is empty, stop
deeper search and backtrack. During the search, record
the maximal subgraph found so far.

11: end for
12: end for

Figure 2. Backtrack search for the inexact maximum
common subgraph of the ARGs.

1: Create a new subgraph listL∗(Gk) for Gk. InitializeL∗(Gk)
with empty list.

2: for all nodesv of Gk in L(u) do
3: for all subgraphsG in L(Gk) do
4: if v is not inG and addingu to G∗ and addingv to G

simultaneous doesn’t destroy the structure isomorphism
betweenG∗ andG then

5: Add the graphG ∩ v to L∗(Gk)
6: end if
7: end for
8: end for
9: ReplaceL(Gk) with L∗(Gk)

Figure 3. Update subgraph listL(Gk) for graphGk.

But in real applications, worst case analysis does not
make much sense with average case. Making an exact time
and space complexity analysis for the average case is too
difficult. We just make some estimates, from which we can
see why our algorithm works efficiently.

Suppose the mean color value of image segments obey
to uniform distribution. The probability of two RGB vec-
tor with the distance between them less thanδ (0.3 in our
experiments) is about 0.078. So if we have 10 graphs and
each graph has 100 nodes (k=10, n=100, a very common
input size for real applications), a nodeu of graphGi will
has about 100*0.078=7.8 buddy nodes in another graphGj

which is within a distance less thanδ of u. In the search
algorithm, if size of the current subgraphG∗ is s, suppose
adding a new nodeu toG∗ will cause addingx subgraphs to
another graphGj . Since the new generated subgraph must

obey the structure isomorphism constraint, the value ofx is
about7.8

2s , which is less than 1 fors >= 3. That is, when the
current found subgraph has more than 3 nodes, the proba-
bility that adding new nodes to the current found subgraphs
will cause more new subgraph adding to the possible sub-
graph list is small. So we can draw out the conclusion that
in average case the time and space requirements of our al-
gorithm are fairly small. Experimental results also justified
this.

5. Experimental Results

We take real photos for experiment. An example is
shown in Figure 4 - 8. The raw images are the 7 “NO STOP”
traffic signs in various backgrounds in Figure 4. Those im-
ages are segmented (see Figure 5) and represented as ARGs
(see Figure 6). The extracted maximal common subgraph
are shown in Figure 7. The original image segments cor-
responding to the nodes in the maximal common subgraph
are shown in Figure 8.

In this experiment, the seven ARGs have different num-
ber of nodes. The smallest number of nodes is 7, while
the biggest number of nodes is 126. In fact, the number of
nodes in the ARGs and the number of ARGS do not affect
the result and the running time greatly. When we run our al-
gorithm on 20 ARGs with each has greater than 100 nodes,
the running time is about 2.5 minutes1, which is acceptable.

From the figures we can find that, the different occur-
rences of the pattern are of different shape and different
color. Take an example of the “x” shape in the middle of
the “NO STOP” traffic sign. The mean RGB values of the
“x” in the first three images shown in Figure 4 are (91, 24,
34), (68, 26, 36) and (93, 24, 34) respectively. But our algo-
rithm can deal with these differences well because it search
for the inexact maximal common subgraph.

The running time of this experiment is about 20 seconds.
Another example is shown in Figure 9. The input ARGs

have about 30 to 100 nodes, the found subgraph has 5 nodes.
The running time is about 15 seconds.

6. Summary and Conclusions

We present a method for mining inexact spatial patterns
from multiple images. We propose an inexact maximal
common subgraph algorithm for extracting the inexact spa-
tial pattern. Differ from the traditional algorithms for MCS
problem, our algorithm works for multiple graphs. Without
lost of effectiveness and efficiency, it works in an inexact
way. Experimental results and time and space complexity
analysis are given.

1All the experiments in this paper were done with a PC which has a
Pentium III 1G CPU and 256M RAM.



Figure 4. Raw images.

Figure 5. The segmentation results of the images in Fig-
ure 4.

Figure 6. The ARGs of the images in Figure 5.

Figure 7. The MCSs found from the ARGs in Figure 6.

Further works will concentrate on introducing more in-
exactness to our MCS algorithm, such as structure inexact-
ness: to allow the two graphs have a little difference in their
structure when they are matching to each other.
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